Abstract. The aim of this note is to introduce the notion of a D-Lie algebra and to prove some general properties of the category of D-Lie algebras, connections on D-Lie algebras, and universal enveloping algebras of D-Lie algebras. We also define cohomology and homology of a connection on a D-Lie algebra. A D-Lie algebraL is a Lie-Rinehart algebra over A/k equipped with an A ⊗ k A-module structure and a canonical central element D ∈ Z(L) satisfying a compatibility property with the Lie-structure. Given a D-Lie algebraL and a connection (ρ, E) we construct the universal enveloping ringŨ
A ⊗ k A-module structure that is compatible with the Lie-structure. There is a central element D ∈L satisfying a compatibility property with the Lie product. In the special case whenL as a left A-module is an abelian extension of A by some 2-cocycle f ∈ Z 2 (L, A) we may viewL as an Atiyah algebra with an additional A ⊗ k A-structure. HenceL with the underlying left A-module structure may be viewed as a simultaneous generalization of a Lie-Rinehart algebra and an Atiyah algebra with additional structure. We introduce the category D 1 (A, f) −Lie of DLie algebras, connections on D-Lie algebras and prove various general properties of this construction. We also correct some mistakes in an earlier paper on this subject related to the universal algebra U ua (L(f α )) of a Lie-Rinehart algebra (L, α) (see [7] ). The main results in the paper are the following theorems:
Given with the property that F 1 and F 2 preserves injective and projective objects.
We use the associative rings U ⊗ (L) and U ρ (L) in Definition 3.20 to define the cohomology and homology of an arbitrary connection (ρ, E). Previously the notion of cohomology and homology was defined for flat connections. By Theorem 1.1 it follows the associative rings U ⊗ (L) and U ρ (L) may be viewed as universal enveloping algebras for non-flat connections. The rings U ⊗ (L) and U ρ (L) are nonNoetherian in general. If A is a Noetherian ring and the connection (ρ, E) has the property that E is a fintely generated A-module it follows from Proposition 3.24 the quotient ring U ⊗ E (L) := U ⊗ (L)/ann(ρ, E) is Noetherian. A similar property holds for U ρ (L). Hence even though the rings U ⊗ (L) and U ρ (L) are non-Noetherian in general, we may always pass to Noetherian quotients when studying connections E that are finitely generated as A-modules (see Example 3.22) .
To illustrate how the associative rings U ⊗ (L) and U ρ (L) can be used in the study of the classical curvature we construct in Example 3.36 the following: For any A/k-Lie-Rinehart algebra (L, α) and any 2-cocycle f ∈ Z 2 (L, A) we construct a 2-sided ideal I(f ) ⊆ U ρ (L(0)) where L(0) is the abelian extension of L with the zero cocycle. There is an equivalence of categories Mod(U ρ (L(0))/I(f )) ∼ = Mod(U(A, L, f )),
where U(A, L, f ) is the generalized universal enveloping algebra studied in [7] . The associative ring U(A, L, f ) has the property that left U(A, L, f )-modules correspond to L-connections of curvature type f . Hence any left U ρ (L(0)) module (ρ, E) annihilated by the ideal I(f ) corresponds to an L-connection (ρ, E) with curvature type f . Hence we may use one fixed ring U ρ (L(0)) and the set of 2-sided ideals in U ρ (L(0)) to study the curvature R ρ of a connection (ρ, E) on L. Hence the study of the set of 2-sided ideals in the rings U ⊗ (L) and U ρ (L) have applications in the study of the curvature of a classical connection. The algebra U(A, L, f ) is a local version of a much studied object in the field D-modules.
The two associative unital rings U ⊗ (L) and U ρ (L) are equipped with 2-sided ideals Hence we get many non-trivial examples of Noetherian quotients of the nonNoetherian rings U ⊗ (L) and U ρ (L). Given an arbitrary D-Lie algebra (L,α,π, [, ] , D) and an arbitrary connection (ρ, E) in Mod(L, Id) we may construct the non-abelian extension End(L, E) ofL by theL-connection End A (E) as done in [11] . We use this construction to construct the universal ringŨ ⊗ (L, ρ) of the connection (ρ, E). In Theorem 4.10 we prove the following: Hence given an arbitrary connection (ρ, E) on a D-Lie algebra (L,α,π, [, ] , D) we may construct the universal ringŨ ⊗ (L, ρ) of (ρ, E) and in the case when A is Noetherian andL, E finitely generated A-modules it followsŨ ⊗ (L, ρ) is an almost commutative Noetherian subring of Diff(E). The ringŨ ⊗ (L, ρ) is defined for an arbitrary connection ρ and one may useŨ ⊗ (L, ρ) to define the characteristic variety SS(ρ, E) of (E, ρ) and holonomiticy for non-flat connections. Previously notions such as holonomicity and characteristic variety have been studied for flat connections on holomorphic vector bundles on complex manifolds (see Example 4.12).
Functorial properties of D-Lie algebras and connections
In this section we introduce the notion of an D-Lie algebra -a generalization of a Lie-Rinehart algebra. It is a Lie-Rinehart algebra equipped with the structure of an A ⊗ k A-module that is compatible with the Lie-structure. Given any 2-cocycle f ∈ Z 2 (Der k (A), A) we construct in Theorem 2.7 a functor One checks this gives D 1 (A, 0) the structure of a k-Lie algebra. It is the Lie algebra struture induced by the inclusion D 1 (A, 0) ⊆ End k (A). Given any 2-cocycle f ∈ Z 2 (Der k (A), A) we may construct the following structure as k-Lie algebra on A ⊕ Der k (A):
The abelian group A ⊕ Der k (A) equipped with the k-Lie algebra structure [, ] in 2.0.1 is denoted D 1 (A, f ). The abelian group D 1 (A, f ) has two natural A-module structures:
The structures in 2.0.2 and 2.0.3 are induced by the left and right A-module structure on End k (A). It follows D 1 (A, f ) is an A ⊗ k A-module and a k-Lie algebra. There is an endomorphism
We get
hence π is a morphism of k-Lie algebras. We may think of π as a map of k-Lie algebras and A ⊗ k A-modules
Here we give Der k (A) the trivial right A-module structure.
Lemma 2.1. The following holds for every u = aI + x, v = bI + y ∈ D 1 (A, f ) and c ∈ A:
we get
The Lemma follows.
Let us sum this up in a Proposition: Proposition 2.2. Let k → A be a unital map of commutative rings and let Define the map π : D 1 (A, f ) → Der k (A) by π(aI + x) := x and give Der k (A) the trivial right A-module structure. It follows D 1 (A, f ) is an A ⊗ k A-module and a k-Lie algebra. The map π is a map of A ⊗ k A-modules and k-Lie algebras. The
Proof. The proof follows from the calculations above.
Hence the underlying left A-module of the pair (D 1 (A, f ), π) is an ordinary Lie-Rinehart algebra. It is the abelian extension of Der k (A) with the 2-cocycle f ∈ Z 2 (Der k (A), A). It follows D 1 (A, f ) is an Atiyah algebra in the sense of [19] . Note: We see that it is impossible to construct a non-trivial right A-module structure on Der k (A) induced by the inclusion Der k (A) ⊆ End k (A). To get a nontrivial right A-module structure we must consider the abelian extension D 1 (A, f ) for some 2-cocycle f .
We may define the following:
is a map of A ⊗ k A-modules and k-Lie algebras is a D-Lie algebra if the following holds: The element D ∈ Z(L) is a central element. The mapπ :L → Der k (A) is a map of A ⊗ k A-modules and k-Lie algebras withπ(D) = 0 and π •α =π. Here Der k (A) has the trivial right A-module structure. For all u, v ∈L and c ∈ A the following holds: 
The module End k (E) has the A ⊗ k A-module structure defined by a ⊗ bψ := a(ψb)
is a map of A-modules φ : E → F such that for any element u ∈L we get a commutative diagram
A D-Lie algebra is also referred to as a Lie algebra of differential operators acting on A/k. Let D 1 (A, f) −Lie denote the category of D-Lie algebras and morphisms of D-Lie algebras. Let Mod(L) denote the category ofL-connections and morphisms of connections. Let Mod(L, Id) denote the category ofL-connections (ρ, E) where ρ(D) = Id E . We define similar notions for a pre-D-Lie algebra.
, z) where z := (1, 0) is a D-Lie algebra. Note: A D-Lie algebra is an A−A-module in the sense of [5] and non-commutative geometry and such objects are much studied in this field.
, D) be a D-Lie algebra. The following formula holds for all u, v ∈L and c ∈ A:
Proof. We get
and the Lemma is proved. Lemma 2.5. Let (L, α) be an A/k-Lie-Rinehart algebra and let f ∈ Z 2 (Der k (A), A) be a 2-cocycle. We get in a natural way a 2-cocycle
Proof. Let u := x ∧ y ∧ z ∈ ∧ 3 Der k (A). We get
Let k → A be a unital map of commutative rings and let α :
= Az ⊕ L with the following left and right A-module structure:
One checks that for any u ∈ L(f α ) and c ∈ A the following holds:
Lemma 2.6. The abelian group (L(f α ), [, ] ) is an A⊗ k A-module and k-Lie algebra. The map α f is a map of A⊗ k A-modules and k-Lie algebras. The product [, ] satisfies
Proof. One checks L(f α ) is an A ⊗ k A-module and k-Lie algebra and that α f is a map of A ⊗ k A-modules and k-Lie algebras. One also checks that
and c ∈ A. Finally one checks that φ f is a map of A ⊗ k Amodules and k-Lie algebras and that α ′ f • φ f = α f . The Lemma follows. Theorem 2.7. Let k → A be an arbitrary map of unital commutative rings and let f ∈ Z 2 (Der k (A), A) and let f α ∈ Z 2 (L, A) be the pull back of f via α. There is a covariant functor
The proof follows from Lemma 2.6. Given a Lie-rinehart algebra α : L → Der k (A) and a 2-cocycle f ∈ Z 2 (Der k (A), A) it follows we get an exact sequence of A ⊗ k A-modules
is an Atiyah algebra equipped with a canonical right Amodule structure and a marked central element z ∈ L(f α ) satisfying. 
where there is a 2-cocycle 
with the property that ∇(u)(ae) = a∇(u)(e) +π(u)(a)ψ(e) for all u ∈L, a ∈ A and e ∈ E. An (L, ψ) − connection on E is a map of left A-modules ∇ : L → End k (E) with the property that
for all x ∈ L, a ∈ A and e ∈ E. Let Conn(L, End) be the category of (L, ψ)-connections and morphisms where we let ψ ∈ End A (E) and E vary. Let Conn(L, Id) be the category of (L, Id)-connections (E, ρ). Let Conn(L, End) denote the category of (L, ψ)-connections ρ : L → End k (E) where ψ ∈ End A (E) may vary. Let Conn(L, Id) denote the category of (L, Id)-connections ρ : L → End k (E).
Note: It follows there are inclusions of categories
and morphisms.
Note
are by definition maps of A-modules φ : E → F with the property that
for all x ∈ L.
is the module of first order differential operators of E.
Proof. We must show that for any b ∈ A and x ∈ L it follows [∇(x), bId E ] ∈ End A (E). We get [∇(x), bId E ] =π(x)(b)ψ ∈ End A (E) and the Lemma follows.
is an (L, ψ)-connection with ψ := ρ(D) ∈ End A (E). It follows we get a map
We get for any x ∈ L, a ∈ A and e ∈ E the following calculation:
, z) be the D-Lie algebra from Theorem 2.7. Let E be a left A-module. There is a one-to-one correspondence between A ⊗ k A-linear maps
Put ρ(z) := ψ. It follows ψ ∈ End A (E) and we get
. It follows ρ is a left A-linear map. It is right A-linear for the following reason:
This gives a one-to-one correpondence as claimed and the Lemma follows.
and not on the Lie-algebra structure. Since for any 2- 
Example 2.13. D-Lie algebras, connections and (A, A)-vector bundles.
Hence ker(∇) and Im(∇) are k-vector spaces. The vector spaces ker(∇), Im(∇) are infinite dimensional in general.
If A is a finitely generated and regular ring over a field of characteristic zero, E is finitely generated and projective as A-module and L(f α ) = D 1 (A, f ) it follows Diff 1 k (E) and L(f α ) are locally trivial A-modules of finite rank as left and right A-modules separately. Hence the map ρ is a more "geometric" object: One of the reasons to define a connection as a map ρ of A ⊗ k A-modules is because we want to study the kernel ker(ρ) and image Im(ρ) and these modules are "geometric" objects since they are vector bundles from the left and right in many cases. With ∇ the kernel ker(∇) and image Im(∇) are infinite dimensional k-vector spaces and not A-modules, and such objects are "more difficult" to handle.
Example 2.14. Left and right A-module structures on modules of principal parts.
Note: An A ⊗ k A-module W that is finitely generated and projective as left and right A-module separately is called an (A, A)-vector bundle. The module of principal parts P l (E) is an (A, A)-vector bundle in many cases. There are examples where the left structure on P l (E) is different from the right structure (see [12] ). Similar results hold for the module of differential operators Diff l (E, E). From [12] we get the following example. Let C := P 1 be the projective line over a field of characteristic zero and let O(n) be the invertible sheaf with n ∈ Z an integer. The module of l'th order differential operators Diff
has a left and right structure as O C -module and we get the following classification: Theorem 2.15. Let k ≥ 1 and n ∈ Z be integers. The following holds:
n−l for all n < l and l ≥ 1
Proof. The proof follows from [12] since the sheaf of differential operators Diff l (O(n)) is the dual of the sheaf of principal parts.
We denote the left and right A-module structure on P l (E) as P l (E) lef t and P l (E) right . The class
is zero in most cases. This is because P l (E) is an extension P l−1 (E) with Sym
Lemma 2.16. Let k → A be a commutative ring that is a finitely generated and regular k-algebra where k is a field of characteristic zero and let E be a finitely generated and projective A-module. There is for every l ≥ 1 an exact sequence of left and right A-modules
We let Diff 0 (E) := End A (E).
Proof. There is an exact sequence of left and right A-modules
where P l (E) is the l'th module of principal parts. Since A is regular it follows P l (E) is a projective A-module of finite rank as left and right A-module. When we apply the functor Hom A (−, E) to the sequence we get the claimed sequence and the Lemma follows.
Lemma 2.17. Let A be a commutative ring satisfying the hypothesis from Lemma 2.16. Let Diff l (E) lef t and Diff l (E) right denote the left and right A-module structure on Diff l (E). The following holds in the Grothendieck group K 0 (A) of A:
A similar formula holds when we consider the right A-module structure.
Proof. The Lemma follows from Lemma 2.16 and an induction on l.
Theorem 2.18. Let A be a commutative ring satisfying the hypothesis in Lemma 2. 16 . Let E be a finitely generated and projective A-module and let
It follows η l (E) = 0.
Proof. The Theorem follows from Lemma 2.17 since there is for every
Hence the Grothendieck group K 0 (A) does not detect that
right in general (see [10] for a more detailed discussion). The aim of this study is to construct "generalized jet bundles" where the classes γ l (E) and η l (E) are non trivial in K 0 (A) and to apply this in the study of Chern classes and Hodge theory. One want to construct non-trivial classes in
The following holds:
Similarly we get
The Lemma is proved.
Example 2.20. Families of connections.
Given two 2-cocycles f, g ∈ Z 2 (Der k (A), A). It follows from Lemma 2.12 we get for any ψ-connection ∇ :
Hence the construction gives for a fixed
and from Lemma 2.19 we see the curvature R ρ f α varies with the 2-cocycle f . One may ask if it is possible to use the family (E, ρ f α ) to study the original connection ∇ and its characteristic classes.
of Lie-Rinehart algebras, hence we may for any cohomology class c :
We get in a canonical way a connection
The element c gives in a canonical way a k-rational point x(c) ∈ Spec(B)(k). Hence we may view ρ c as the restriction of q * (ρ c ) to the fiber p −1 (x(c)) where x(c) ∈ Spec(B). Here the maps p, q are the canonical maps q :
Example 2.21. The curvature of a ψ-connection with ψ = Id E .
The map R ρ•i (x, y) from Lemma 2.19 is not in End A (E) in general. We always have R ρ•i (x, y) ∈ End k (E). In general it follows we get a map
In this case ∇ is an ordinary connection.
Functorial properties of universal rings of D-Lie algebras
In this section we construct for any D-Lie algebraL two associative rings U ⊗ (L) and U ρ (L) with the property that there are exact equivalences of categories 
Noetherian andL is a finitely generated left A-module it followsŨ
are Noetherian (see Theorem 3.18 and Theorem 3.17). We use U ⊗ (L) and U ρ (L) to construct cohomology and homology groups for non-flat connections. This was previously done for flat connections.
Let in the following
where E is a left A-module.
Lemma 3.2. Let R be an associative k-algebra where k is in the center of R. For each k-linear map ρ :L → R there is a canonical map
The abelian group T * k (L) is an associative k-algebra with k in its center. There is a functorial equality of sets
Proof. The proof is straight forward and is left to the reader.
Recall that Mod(L) (resp. Mod(L(f α )) denote the categories ofL-connections and morphisms (resp. L(f α )-connections and morphisms) and let for an associative ring R, Mod(R) denote the category of left R-modules and maps of R-modules.
Note: In [7] , Definition A.7 we defined the universal algebra U ua (L) of a LieRinehart algebra (L, α) using the tensor algebra T *
is not correct: The ring B := A ⊗ k A is not in the center of the associative ring End k (E) where E is any A-module, and this is needed for Definition A.7 to make sense. In the following give a correct construction of the universal ring for any D-Lie algebra.
There is an inclusion of abelian groups
an associative non-unital ring. Define the following two 2-sided ideals in the associative non-unital ring T * k (L) 1 :
such that a, b ∈ A and u, v ∈L.} and
such that a, b ∈ A and u, v ∈L}
When we speak of the universal ring of the D-Lie algebraL we refer to U
are associative unital rings with the element D := 1 as unit.
inherits a multiplication which is associative and distributive over addition. Passing to the quotient U ρ (L) we get the following. Let a ∈ A, D ∈L be the central element and let u ∈L. Write • for the multiplication in U ρ (L). We get
hence D is a left and right identity for the multiplication and it follows U ρ (L) is an associative unital ring. A similar argument proves that U ⊗ (L) is an associative unital ring and the Lemma follows. 
Proof. Given a map of D-Lie algebras φ :L →L ′ define the following map
hence T(φ) induce a canonical map of rings Lemma 3.6. Let A be a not neccessarily unital associative ring and let I, J be 2-sided ideals in A. Let p I : A → A/I and p J : A → A/J be the canonical projection maps. There is a canonical isomorphism
of associative rings.
Proof. Let p I : A → A/I be the canonical projection map. It follows p
Hence there is an element y ∈ J with p I (x) = p I (y) and it follows p I (x − y) = 0 hence x − y ∈ ker(p I ) = I. It follows x = y + u with u ∈ I and hence x ∈ I + J. It follows we get a canonial isomorphism
and this gives rise to a canonical isomorphism
of associative rings. The Lemma follows.
Lemma 3.7. Let (U, U i ) be an almost commutative ring and let I ⊆ U be a 2-sided ideal. Let V := U/I be the quotient. It follows V is an almost commutative ring.
Proof. There is a canonical projection map p : U → V and we define a filtration on V with V i := p(U i ). We get an increasing filtration V i on V and it follows Gr(V ) is commutative: If x ∈ V i := p(U i ) and y ∈ V j := p(U j ) with x = p(u), y = p(v) it follows uv − vu ∈ U i+j−1 hence xy − yx ∈ V i+j−1 . The Lemma follows.
We state a general result on properties of modules on and associative ring A. Note: The following holds for non-unital rings as well. 
Proof. In [14] Theorem 3.1 and 3.5 the Lemma is stated and proved for commutative unital rings. Note that the proof in [14] is valid for an arbitrary associative nonunital ring.
Consider the following 2-sided ideal in T * k (L) 1 :
Let
It follows I i ⊆ I is a filtration of the 2-sided ideal I that is compatible with the multiplication on T *
The following holds: We may write
Proof. Assume i = j = 1. We get
Here η ∈ T 1 and ω ∈ I 2 . Hence the claim is true for i = j = 1. Assume the claim is true for i + j ≤ k with k ≥ 1 an integer. Assume i + j = k + 1. Let
and y := y 1 ⊗ · · · ⊗ y j ∈ T j . We get by the induction hypothesis
Again by induction we get
Lemma 3.10. Use the notation in Lemma 3.9. For any elements u ∈ T i , v ∈ T j we may write
with η ∈ T i+j−1 and ω ∈ I i+j .
Proof. We may write u = x 1 +x with x 1 ∈ T i−1 and x ∈L ⊗ k i and similar v = y 1 +y with y 1 ∈ T j−1 , y ∈L ⊗ k j . We get
By Lemma 3.9 we get
with η ∈ T i+j−1 and ω ∈ I i+j . It follows
where η + z ∈ T i+j−1 and ω ∈ I i+j and the Lemma follows.
Definition 3.11. Use the notation in Lemma 3.9. Let I ⊆ T be the 2-sided ideal
We get a filtration on the associative ring U(L):
compatible with the multiplication: For any elements x ∈ U i (L), y ∈ U j (L) it follows xy ∈ U i+j (L). A similar property holds for the filtrationsŨ Proof. Use the notation from Lemma 3.9. There is a canonical projection map Proof. By Lemma 3.6 we may do the following: There is by definition inclusions
and there is a canonical quotient map
By definition we haveŨ
By Lemma 3.6 we may writeŨ
where Let in the followingL := A{u 1 , .., u n } be a finite generating set of the D-Lie algebraL as left A-module. Make the following definitions:
, D) be a D-Lie algebra with generating set {u 1 , .., u n } as left A-module. The following holds: For any element x ∈ T * k (L) i we may write
Define v 1 := a[u i , bu j ] ∈L and x 2 := aω ∈ I 2 . We may write v 1 = c i u i and define
with x 1 ∈ B 2 and x 2 ∈ I 2 and the claim is true for i = 2. Assume the claim is true
, .., u n }. We get
It follows
Hence
where
It follows ω 1 ∈ I i and η 1 ∈ T * k (L) i−1 . We may write as follows:
we may write η 1 = a 1 + a 2 with a 1 ∈ B i−1 and a 2 ∈ I i−2 . It follows
⊗i we may do sometthing similar: 
be an element. We may write x = x 1 + x 2 where x 1 = p(u) with u ∈ B i and x 2 = p(v)with v ∈ I i . We get
is generated by the finite set
The claim follows. Proof.
where I is the 2-sided ideal generated by the elements
⊗ (L) be the canonical filtration for i ≥ 1. We get since the map p is surjective a canonical surjective map of left A-modules U 
. Let Conn(L, Id) denote the category of pairs (ρ, E) where ρ :L → End k (E) is a left A-linear map such that the following holds for all u ∈L, a ∈ A and e ∈ E: ρ(u)(ae) = aρ(u)(e) +π(u)(a)e.
Theorem 3.18. There are exact equivalence of categories
with the property that F 1 and F 2 preserves injective and projective objects.
Proof. Let us prove claim 3.18.1: Let (ρ, E) ∈ Mod(L, Id) be an object. It follows ρ is a B := A ⊗ k A-linear map with ρ(D) = Id E . Define the following map:
of associative unital rings since ρ(D) = Id E . Define the functor
Conversely, given a map of associative unital rings
for u ∈L. There is a map ρ A : A → End k (E) defined by ρ A (a) := U (aD) and ae := U (aD)(e) defines the A-module structure on E for every e ∈ E. We get for all u, v ∈L the following:
= Id E and hence the pair (ρ U , E) is an object in Mod(L, Id). We define the inverse functor
be an element where
. We get for any element e ∈ E the following calculation:
Hence φ(xe) = φ(
hence the map φ is U ⊗ (L)-linear. It follows for two maps φ, ψ ∈ Mod(L, Id) we get φ = F 1 (φ) = F 1 (ψ) = ψ hence the functor U is an injection at the level of maps. we get an inclusion
Assume φ : E → F is an U ⊗ (L)-linear map. It follows similarly G 1 (φ) = φ is a map in Mod(L, Id) with F 1 (G 1 (φ)) = F 1 (φ) = φ hence there is an equality of sets
It follows the functors F 1 and G 1 are exact functors: They map exact sequences to exact sequences. One checks F 1 and G 1 maps projective and injective objects to projective and injective objects and it follows the first claim i proved. A similar proof proves that F 2 is an exact equivalence preserving projective and injective objects and the Theorem follows.
Recall that Conn(L, Id) denotes the category of pairs (ρ, E) wher ρ : L → End k (E) such that ρ is left A-linear and for all x ∈ L, a ∈ A ande ∈ E we have ρ(x)(ae) = aρ(x)(e) + α(x)(a)e.
A map of connections
Lemma 3.19. There is an exact equivalence of categories
where F preserve injective and projective objects.
Proof. Given a connection (ρ, E) define F (ρ, E) := (ρ, E) whereρ(az + x) := aI + ρ(x) ∈ End k (E). Define the inverse functor G by G(ρ, E) := (ρ • i, E) where i : L → L(f ) is the canonical injection. The result follows with an argument similar to the one in Theorem 3.18.
. By Theorem 3.18 there are exact equivalences of categories
and
preserving injective and projective objects. Since the categories Mod(U ⊗ (L)) and Mod(U ρ (L(f α ))) have enough injectives we may define the Ext and Tor-groups of U, V, W, Z. Let in the following
. We may define the groups Ext
If B is an algebra over a field or a commutative ring R such that B is projective as left R-module, it follows the Ext and Tor-groups may be calculated by the Hochschild cohomology and homology groups of certain left and right modules. If (E, ρ) and (E ′ , ρ ′ ) are left U ⊗ (L)-modules it follows from [20] , Lemma 9.1.9 that
Hence there is an explicit complex calculating the Ext-groups from Definition 3.20. 
Proposition 3.24. Assume A is a Noetherian ring and (ρ, E) ∈ Mod(L, Id) a connection with the property that E is a finitely generated A-module. It follows
It follows E ′ ⊆ E is a sub-Amodule and since A is Noetherian it follows E ′ is a finitely generated A-module. It follows (ρ ′ , E ′ ) is a finitely generated U ⊗ (L)-module, hence by Lemma 3.8 it follows
The rings U ⊗ (L) and U ρ (L) from Theorem 3.18 are non-Noetherian in general but from Proposition 3.24 we can in many cases reduce to the Noetherian case when studying cohomology and homology of a connection (ρ, E) over a Noetherian ring A when E is a finitely generated A-module, We may study (ρ, E) as U Note: If A is Noetherian and we are given a finite family (ρ i , E i ) i∈I ofLconnections with E i a finitely generated A-module for all i and we let E := ⊕E i it follows ann(ρ, E) ⊆ ann(ρ i , E i ) for all i. The A-module E is a finitely generated A-module hence U Recall the notion of a projective basis for a finitely generated projective A-module E, where A is a commutative unital ring over a base ring k (see [9] ). A set of r elements x 1 , .., x r ∈ E * and e 1 , .., e r ∈ E satisfying the formula
for all e ∈ E is a projective basis. The A-module E has a projective basis if and only if it is finitely generated and projective as A-module. If A is a finitely generated algebra over a field and E is a finitely generated and projective A-module, a projective basis for E may be calculated using a Gröbner basis. 
Here [, ] is the Lie product on End k (E). We let Diff l k (E) (or for short Diff l (E) be the set of all differential operators of order ≤ l. Let Diff(E) := ∪ l≥0 Diff l (E).
It follows the k-vector space Diff(E) has a filtration of k-vector spaces
The composition of operators gives for all integers l, l ′ ≥ 0 an associative product
making Diff(E) into an associative ring. Similar properties hold for the ring A: Diff(A) is an associative ring containing A. The ring A does not lie in the centre of Diff(A). The product on Diff(A) respects the filtration, hence we get a well defined product and Diff l (E) are left A ⊗ k A-modules for all integers l ≥ 0. Given an operator D ∈ Diff l (A) or Diff l (E) the action of A ⊗ k A is defined as follows:
It follows Diff
where φ a is multiplication with the element a. Define the following map:
Lemma 3.27. The map ρ is a map of A ⊗ k A-modules. It induces a map
Proof. The action of
. We need to prove that ρ(D) ∈ Diff l (E). Let a 1 , .., a l+1 ∈ A be l + 1 arbitrary elements. We get
for all e ∈ E. It follows ρ(D) ∈ Diff l (E). The Lemma follows.
We get for any pair of integers k, l ≥ 0 a map of k-vector spaces
Definition 3.28. Let the map ρ l from Lemma 3.27 be an l-connection on E. Let ρ be an ∞-connection on E. Let R k,l ρ be the (k, l)-curvature of ρ.
Note: An ordinary connection
ρ does not satisfy a similar property. In the case when k = l = 1 we get a map of A ⊗ k A-modules
We also get a map of left A-modules
The map ∇ is a connection on E. Note: By the paper [6] it follows the connections ρ 1 and ∇ are non-flat in general. There is an explicit formula for the curvature R ρ 1 of ρ 1 and ∇ in terms of an idempotent φ for the module E. One uses the projective basis x i , e j for E to define an idempotent and the formula for the curvature involves the idempotent φ. See Theorem 2.14 in [6] for a proof of the formula and some explicit examples. Given a projective basis x 1 , .., x r , e 1 , .., e r for E we get a surjection p : A{u 1 , .., u r } → E defined by p(u i ) = e i . It follows A r /ker(p) ∼ = E. Define the following matrix φ ∈ End A (A r ):
hence the matrix [δ(φ), η(φ)] induces an endomorphism of E.
Theorem 3.29. The following holds:
Proof. For a proof see [6] , Theorem 2.14.
From formula 3.29.1 we see that given a projective basis x i , e j it follows the corresponding connection ∇ is seldom flat since the Lie product [δ(φ), η(φ)] is seldom zero as an element of End A (E). 
Proof. We get since ρ is defined for operators in Diff 2 (A) the following calculation:
Hence R ρ is determined by R 
It follows R k,l ρ = 0 for all k, l. The converse is proved in a similar fashion. If ρ is a map of rings it follows R 1,1 ρ = 0 hence by Lemma 2.19 it follows R ρ is a flat connection. The Lemma follows.
Note: A map of rings ρ : Diff(A) → Diff(E) is sometimes referred to as a stratification in the litterature (see [1] ). Hence the maps R k,l ρ are obstructions for (E, ρ) to be a stratification. The following may happen: For a given choice of projective basis x i , e j for E, it might be the corresponding ∞-connection (E, ρ) is not a stratification. It might still be there exists another projective basis x ′ i , e ′ j for E such that the corresponding ∞-connection (E, ρ ′ ) is a stratification. To determine if a module E has a stratification is a difficult problem in general. It is well known that if A is a finitely generated regular algebra over a field k of characteristic zero and E is a coherent A-module it is neccessary that E is projective for E to have a stratification ρ. Given a stratification ρ on a coherent module E we get a connection ∇ : Der k (A) → End k (E) and one uses the connection ∇ to prove that E is locally free, hence projective. The proof does not use the flatness of the connection ∇. Note: One would like to realize the category of l-connections (E, ρ l ) and morphisms of l-connections as a module category over "some universal enveloping algebra" U ua (Diff l (A)) of the module of l'th order differential operators Diff l (A) as done for 1-connections, and to define the notion of cohomology and homology of an l-connection (E, ρ l ) as done in Definition 3.20 for 1-connections. When A is a finitely generated and regular commutative ring over a field k of characteristic zero, it follows Diff(A) is generated by D 1 (A, 0): Every higher order differential operator D is a sum of products of first order differential operators. Hence to give a ring homomorphism ρ : Diff(A) → Diff(E) is equivalent to give a flat connection ∇ :
. This property does not hold in characteristic p > 0.
Example 3.32. Rings of differential operators, annihilator ideals and polynomial relations between Chern classes of a connection.
) may have applications in the theory of characteristic classes. Recall the following results from from [7] : Lemma 3.33. Let A be a commutative ring containing the field of rational numbers k and let (ρ, E) be an L-connection of curvature type f where f ∈ Z 2 (L, A) is a 2-cocycle and where E is a projective A-module of rank rk(E). The following formula holds in C 2k (L, End A (E)):
where I E ∈ End A (E) is the identity endomorphism of E.
Proof. See [7] , Lemma 5.14.
., x l ] be the polynomial ring in the independent variables x 1 , .., x l . Given a polynomial P (x 1 , .., x l ) and a connection (ρ, E) where E is a projective A-module of finite rank we may evaluate the polynomial P in the Chern classes c k (E) to get a cohomology class
Given a set of connections (ρ i , E i ) i=1,...,k where E i is a finitely generated and projective A-module we may for any polynomial P (x 1 , . . . , x k ) ∈ Q[x 1 , . . . , x k ] consider the class
When we vary the polynomial P and the number k of independent variables, we get a subring R(c 1 ) of the cohomology ring H 2 * (L, A) -the subring (over the field of rational numbers) generated by the first Chern classes c 1 (E) ∈ H 2 (L, A) of all finitely generated and projective A-modules E.
Define for k ≥ 2 the polynomial
., x l ]. Lemma 3.33 has consequences for the Chern class c k (E).
Corollary 3.34. Let A be a commutative ring containing the field of rational numbers k and let (ρ, E) be an L-connection of curvature type f where f ∈ Z 2 (L, A) is a 2-cocycle and where E is a projective A-module of rank rk(E). The following holds:
Proof. By Lemma 3.33 we get
By definition
and the Corollary follows.
Hence from Corollary 3.34 the following holds: For a connection (ρ, E) where ρ has curvature type f for a 2-cocycle f ∈ Z 2 (L, A) we get an equality
Hence the k'th Chern class c k (E) is determined by the first Chern class and hence c k (E) ∈ R(c 1 ) for all k ≥ 1. Hence the annihilator ideal ann(ρ, E) can be used to detect if there are polynomial relations between the Chern classes of E. If the connection (ρ, E) has curvature type f ∈ Z 2 (L, A), this puts strong conditions on the Chern classes of E: Hence the annihilator ideal ann(ρ, E) detects if the Chern class c k (E) is interesting from the point of view of Hodge theory. The Hodge conjecture is known for H 2 hence the ring R(c 1 ) is well known when H 2 (L, A) calculates the 2'nd singular cohomology of X C with complex coefficients. 
, z) be the corresponding D-Lie algebra. Assume (ρ, E) is an object in Mod(L(f α ), Id) with the property that R ρ (u, v) = 0 for all
) by the 2-sided ideal generated by elements on the form
to the category of L-connection of curvature type f α hence there is an equivalence of categories
Hence the two associative ringsŨ ⊗ (L(f α )) and U(A, L, f α ) are Morita equivalent. They are not isomorphic in general but they both have isomorphic centres equal to the base ring k. 
where Conn(L(0), Id) is the category of connectionsρ :
The category Conn(L(0), Id) is equivalent to the category Conn(L) of ordinary connections ρ : L → End k (E) and morphisms. We get an equivalence of categories
, A) and we may consider the 2-sided ideal
There is an equivalence of categories between the category Mod(U ρ f (L(0))) and the category of connections
It follows
Rρ(u, v) =f (u, v)Id E hence the induced connection ρ :=ρ • i on L has curvature type f . It follows there is an equivalence of categories 0)) and U(A, L, f ) are Morita equivalent rings. They are not isomorphic in general but have k as centre. Hence we may construct the categories Mod(U(A, L, f )) using quotients of one fixed ring U ρ (L(0)) by the family of 2-sided ideals I(f ) for f ∈ Z 2 (L, A). In the case when A is noetherian and L a finitely generated an projective A-module it follows U(A, L, f ) is Noetherian. Since being Noetherian is Morita invariant it follows the ring U ρ f (L(0)) is Noetherian for any 2-cocycle f ∈ Z 2 (L, A). We observe that an ordinary L-connection (ρ, E) gives rise to a connectionρ :
If the annihilator ideal ann(ρ, E) contains the ideal J(f α ) generated by elements on the form
it follows the connection ρ has curvature type f α . It follows from Corollary 3.34 the k-th Chern class c k (E) is determined by c 1 (E). Hence the structure of the set of 2-sided ideals in U ⊗ (L(f α )) can be used to study properties of the Chern classes c k (E).
Example 3.37. Moduli spaces of Γ-modules and connections
When studying moduli spaces of connections many authors use the Hilbert scheme and Quot scheme to construct parameter spaces of connections and these spaces are large and complicated. The rings U ⊗ (L) and U ρ (L) are non-Noetherian in general but they have as shown in this paper many Noetherian quotients. It could be one gets an alternative to the study of the Hilbert and Quot schemes by studying parameter spaces of 2-sided ideals in Noetherian quotients of the rings U ⊗ (L) and U ρ (L). Instead of studying large parameter spaces of pairs (ρ, E) where ρ is anL-connection, we study the parameter space of annihilator ideals ann(ρ, E) in a Noetherian quotient one of the rings U ⊗ (L) and U ρ (L). In [16] the author constructs for any smooth projective complex variety X, any sheaf of filtered algebras Γ on X and any nummerical polynomial P , a quasi projective scheme M(X, Γ, P ) parametrizing semi stable Γ-modules with Hilbert polynomial P . The construction of M(X, Γ, P ) uses the Hilbert scheme and GIT quotients. Assume we are given a parameter space M(d, Γ, P ) parametrizing locally trivial Γ-modules (ρ, E) with Hilbert polynomial P , such that E is a locally trivial O X -modules of rank d. Given two isomorphic Γ-modules (ρ, E) and (ρ ′ , E ′ ) where E and E ′ are isomorphic locally free O X -modules corresponding to different points in the parameter space M(d, Γ, P ). The sheaves of annihilator ideals ann(ρ, E) and ann(ρ ′ , E ′ ) in Γ will be equal. Hence in the parameter space M(d, Γ, P ) we get two different points corresponding to (ρ, E) and ρ ′ , E ′ ). In the parameter space of sheaves of 2-sided ideals we get one point corresponding to ann(ρ, E) = ann(ρ ′ , E ′ ). Hence we should expect the parameter space of sheaves of 2-sided ideals in Γ to have fewer points than the parameter space M(d, Γ, P ). In the case of a holomorphic Lie algebroid L on a complex projective manifold X, it follows from [18] that the moduli spaces M L,Q (P ) are in many cases empty. Hence one should take care when studying such moduli spaces in general: If one is unable to write down explicit non-trivial examples, this may indicate they are empty. In the affine situation as shown in this paper, it is relatively easy to write down explicit non-trivial examples of the theory as shown in Theorem 3.29. One may moreover implement computer algorithms calculating such examples.
If A is finitely generated and regular algebra over the complex numbers C and
is singular cohomology of X C with complex coefficients. Here X C is the underlying complex manifold of X := Spec(A). The Hodge conjecture is known to hold for H 2 sing (X C , C) hence if one wants to study cohomology classes in H 2 * sing (X C , C) that are not coming from H 2 sing (X C , C) under the cup product, one needs to study other types of connections. One has to study left U ⊗ (L(f α )) modules (ρ, E) that are finitely generated and projective over A, such that ann(ρ, E) does not contain the ideal J(f α ) for a 2-cocycle f α -we get a computable criteria on (ρ, E) which can be used to determine if the Chern class c k (E) is "interesting". Hence the structure of the set of 2-sided ideals in U ⊗ (L(f α )) is related to the study of algebraicity of cohomology classes in singular cohomology.
For the universal enveloping algebra U(g) of a finite dimensional semi simple Lie algebra g it follows the set of 2-sided ideals in U(g) corresponding to finite dimensional irreducible g-modules is a discrete set. The enveloping algebras U(g) and U(A, L, f ) are Morita equivalent to quotients of the universal algebra U ⊗ (L(f α )). One wants to study the correspondence between 2-sided ideals in U ⊗ (L(f α )) and cohomology classes in H 2 * (L, A) and use this correspondence to give interesting examples of algebraic and non-algebraic classes in the singular cohomology of a complex algebraic manifold.
The universal ring is an almost commutative Noetherian ring
In this section we construct in Theorem 4.10 for any D-Lie algebra (L,α,π, [, ] , D) and anyL-connection (ρ, E) the universal ringŨ ⊗ (L, ρ) of (ρ, E). In the case when A is Noetherian andL, E finitely generated as left A-modules it follows the associative unital ringŨ ⊗ (L, ρ) is an almost commutative Noetherian sub ring of
Diff(E) -the ring of differential operators on E. The non-flat connection (ρ, E) is a finitely generated leftŨ ⊗ (L, ρ)-module and we may useŨ ⊗ (L, ρ) to construct the characteristic variety SS(ρ, E) of (ρ, E). We may use the variety SS(ρ, E) to define holonomicity for non-flat connections. Previously this was defined for flat connections (see Example 4.12).
We get an induced map
for all i ≥ 1.
Proof. Let u := az + x, v := bz + y ∈ L(f α ) and let c ∈ A. Since ρ is A ⊗ k A-linear we get the following:
Moreover ρ(uc) = ρ(u)c. We get for e ∈ E the following:
We get ρ(z)(ce) = ρ(zc)(e) = ρ(cz)(e) = cρ(z)(e) hence ρ(z) ∈ End A (E). It follows
It follows we get an induced map
and the Lemma follows.
Lemma 4.2. Let k → A be a map of commutative unital rings. Let Diff k (E) := Diff(E) be the ring of k-linear differential operators on E. The ring Diff(E) is almost commutative.
Proof. We mus prove that for any differential operators x ∈ Diff i (E) and y ∈ Diff j (E) it follows xy − yx ∈ Diff i+j−1 (E). By definition it follows for any element
It follows we may write xa = ax + η with η ∈ Diff i−1 (E) and ya = ay + η ′ with η ′ ∈ Diff j−1 (E). We get
There is a one-to-one correspondence between the set of
is an A ⊗ k A-linear map and ∇ the corresponding ψ-connection, it follows the curvature of ∇ satisfies
Proof. The first statement is proved earlier in this paper. Let ∇ : L → End k (E) be a ψ-connection and let ρ : L(f α ) → End k (E) be the corresponding A ⊗ k Alinear map. By definition ρ(az + x) := aψ + ∇(x). We get for any elements u := az + x, v := bz + y ∈ L(f α ) the following calculation: 
be the left A-linear canonical inclusion map. It follows for any elements x, y ∈ L we get
for all a ∈ A and e ∈ E.
Proof. The proof is a straightforward calculation.
Proof. We have seen that if u := az + x, v := bz + y it follows
The following holds for R ∇ .
for all a ∈ A, e ∈ E. One checks that
for all u, v. We get for any a ∈ A the following:
One checks that if ψ = Id E it follows R ρ (u, v) ∈ End A (E) and the Lemma follows. 
For any set of elements u 1 , .., u i ∈L it follows ρ(u 1 ) • · · · • ρ(u i ) ∈ Diff i (E). Moreover R ρ (u, v) ∈ Diff 2 (E).
If ρ(D) = Id E it follows R ρ (u, v) ∈ Diff 1 (E). Proof. Let a ∈ A, e ∈ E, u ∈L and φ ∈ End A (E). We get ρ(u)(φ)(ae) = ρ(u)(φ(ae)) − φ(ρ(u)(ae) = aρ(u)(φ(e))+π(u)(a)ρ(D)(φ(e))−aφ(ρ(u)(e))−π(u)(a)φ(ρ(D)(e)) = a[ρ(u), φ](e) = aρ(u)(φ)(e) henceρ(φ) ∈ End A (E). One checks that for any two φ, ψ ∈ End A (E) we get the characteristic variety of (ρ, E) using filtrations coming fromŨ ⊗ (L, ρ). We may use such filtrations to define the notion of holonomiticy for non-flat connections. Definition 1.1.11 in [3] is algebraic and the only assumption is thatŨ ⊗ (L, ρ) is defined over a field of characteristic zero. Once the characteristic variety SS(ρ, E) is defined we may define holonomicity as in [3] . It remains to find out if this leads to a reasonable theory where one can calculate explicit examples. Since the universal ringŨ ⊗ (L, ρ) is Noetherian when E,L are finitely generated as A-modules it might be worthwile to investigate this. In [3] one uses localization for non-commutative rings to prove that results for modules on almost commutative Noetherian rings globalize to give constructions valid for modules on sheaves of differential operators on complex manifolds. Similar methods can be used to prove that the construction of the universal ringŨ ⊗ (L, ρ)
globalize to give a construction for arbitrary schemes. Since the cohomology and homology of a connection is defined using the theory of modules over associative rings, the theory uses methods from non-commutative algebra/algebraic geometry and the theory of sheaves of rings of differential operators and jet bundles. Recall the following theorem Theorem 4.13. Let U be a Noetherian almost commutative associative unital ring and M a finitely generated U-module. The characteristic variety
SS(M ) ⊆ Spec(Gr(U ))
is coisotropic with respect to the Poisson structure on Gr(U).
Proof. See [3] , Theorem 1.2.5.
In the case above where A is Noetherian,L, E finitely generated as left Amodules, it followsŨ ⊗ (End(L, E)) andŨ ⊗ (L, ρ) are almost commutative Noetherian rings. Hence Theorem 4.13 applies to any finitely generatedŨ ⊗ (L, ρ) or U ⊗ (End(L, E))-module. The connection (ρ, E) is a finitely generated leftŨ ⊗ (L, ρ)-module and we may construct the characteristic variety SS(ρ, E). One wants to study the ringŨ ⊗ (L, ρ), the variety SS(ρ, E) and its relationship to the connection ρ and the Chern classes c i (E) for non-flat connections (ρ, E). Sridharan studied the enveloping algebra U(k, g, f ) in [17] for k a fixed commutative ring, g a Lie algebra over k and f a 2-cocycle for g. He gave a complete description of the deformation groupoid of g in the case when g is a k-Lie algebra with a basis as k-module. Rinehart studied in [15] the enveloping algebra U(A, L) for an arbitrary Lie-Rinehart algebra and proved the PBW-teorem for U(A, L) in the case when L is a projective A-module. He used this theorem to study cohomology and homology of L-connections. Tortella gave in [18] a simultaneous generalization of the construction of Sridharan and Rinehart for holomorphic Lie-algebroids on complex manifolds and proved a PBW-theorem for the sheaf of enveloping algebras of such holomorphic Lie algebroids. In [7] I gave an algebraic construction of the enveloping algebra U(A, L, f ) for any Lie-Rinehart algebra L and any 2-cocycle f . I also gave some algebraic proofs of results in Tortellas paper and a proof of the PBW-theorem for U(A, L, f ) in the case when L is a projective A-module. I used the PBW-theorem to give a complete determination of the deformation groupoid of (L, α) in the case when L is a projective A-module. Note that the paper [7] contains some errors in the section on families of connections (Definition 5.1). In [11] I give a classification of all non-abelian extensions of a D-Lie algebra (L,α,π, [, ] , D) by an A-Lie algebra (W, [, ] ) with aw = wa for all a ∈ A and w ∈ W such thatL is projective as left A-module. This classification generalize the classification given in [19] to D-Lie algebras. In [19] the classification is done for Lie-Rinehart algebras.
